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Abstrat. The energy band gap struture and stability of (3,3) and (10,10)
nanotubes have been omparatively investigated in the frameworks of the tra-
ditional form of the Su-Shrieer-Heeger (SSH) model and a toy model in-
luding the ontributions of bonds of dierent types to the SSH Hamiltonian
dierently. Both models give the same energy band gap struture but bond
length distortions in dierent haraters for the nanotubes.
1. Introdution
A single-wall arbon nanotube (SWCNT) is an empty tube of graphene onsisting
of hexagonally arranged arbon atoms. In graphene, there are two dierent rim
shapes, armhair and zigzag. For an armhair SWCNT, the hexagon rows are
parallel to the tube axis. The pi-eletroni struture of an armhair SWCNT arises
from the pi-struture of graphene. Eah arbon atom in graphene ontributes to the
struture with one eletron in the 2pz orbital perpendiular to the plane of the sheet.
Generally, the overlap of pi-orbitals due to the urvature in nanotubes are negleted
for moderate urvatures. If n is the number of two-arbon sites (dimers), i.e. the
nearest neighbors on polyaetylene (PA) hain whih is the prototype polymer of
graphene, the nanotube is labeled as (n,n). One of the most important properties
of armhair nanotubes is that they show metalli behavior [1℄.
In the present treatise the tight-binding approximation, whih is sometimes
known as the method of linear ombination of atomi orbitals, is used. This approx-
imation deals with the ase in whih the overlap of atomi wave funtions is enough
to require orretions to the piture of isolated atoms but not so muh as to render
the atomi desription ompletely irrelevant. It is mostly used for desribing the
energy bands arising from the partially lled d-shells of transition metal atoms and
for desribing the eletroni struture of insulators. Moreover, the tight-binding
approximation provides an instrutive way of viewing Bloh levels omplementary
to that of the nearly free eletron piture, permitting a reoniliation between the
apparently ontraditory features of loalized atomi levels on the one hand and
free eletron-like plane-wave levels on the other [2℄.
The tight-binding approximation was originally developed by Su-Shrieer-Heeger
(SSH) [3℄ for onduting polymers (1D systems) and then extended to two-dimen-
sional systems by Harigaya [4, 5℄. Harigaya's model preserves the xed-length on-
straint of one-dimensional polymer hain and hene it ontains a single Lagrange
multiplier. In most appliations of this model to graphene and to tubes onstruted
from graphene, the onstraint has still been used in the same form, that is all bond
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distortions are summed without onsidering the type of bonds and this sum is as-
sumed to vanish. However, two dierent types of bonds appear in graphene and so
in tubes, tilt and right (see Fig. 1). It would also be worthwhile to point out that
bond length dierene of hexagon struture have been reported by the alulations
on graphene and nanotubes [5, 6℄.
Figure 1. Inter-hain oupling struture of a (3,3) armhair type
nanotube and bond distortions.
Considering this fat, in this work on armhair type nanotubes, we present for
the rst time the modiation in Harigaya's model by taking the ontributions of
bonds of dierent types to the SSH Hamiltonian dierently. This automatially
leads us to separate the onstraint into two onstraints, vanishing of the sum of
right bond distortions and vanishing of the sum of tilt bond distortions. In this
way we build a toy model whih provides more freedom for lattie relaxations. We
have already mentioned the very preliminary results of this toy model in our work
in [7℄. In our seond work [8℄, we evaluated the eletroni band struture of (3,0)
nanotube with periodi boundaries in the framework of this toy model and in the
Harigaya's model omparatively. We observed that the tiny energy gap appearing
in Harigaya's model was lost when our toy model has been used. This result onsists
with the fat that zigzag nanotubes (n,0) are metalli when n is any multiple of 3,
and semionduting when n annot be divided by 3. This is determined by whether
the K and K ′ points of the graphite meet with the one-dimensional Brilloune zones
determined by the geometry or not.
The (n,n) armhair nanotubes are always metalli for all the integers n and
metalli behavior of (3, 3) armhair nanotube has also experimentally being shown
[9, 10℄. Reently, Li et al. [11℄ have grown free-standing SWCNTs. Their diameter is
as small as 0.4 nm. The (3,3) armhair nanotubes are among the possible strutures
of this size [11℄. This is why we deal with here with (3,3) armhair nanotube in the
framework of our toy model. On the other hand, the ommonly observed diameter
of SWCNT by experiments is known as about 1.4 nm whih orresponds to that of
(10,10) SWCNT. Therefore, we also test our toy model with this larger diameter
nanotube.
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2. MODEL
The SSH model Hamiltonian
(1) HSSH = −
∑
〈i,j〉,σ
[
t0 − α(u
(j)
i − u
(i)
j )
]
(c†i,σcj,σ + h.c.)
+
κ
2
∑
〈i,j〉
[
(u
(j)
i − u
(i)
j − C)
2 − (C)2
]
,
whih had originally been written for 1D systems, was diretly applied to 2D sys-
tems without any modiation by Harigaya [5℄. Here, 〈i, j〉 is the nearest-neighbor
arbon-arbon atom pairs and t0 is the hopping integral of the undimerized sys-
tem. The seond term represents the dimerization due to σ skeleton with free
involving pi-eletrons. α is the eletron-lattie oupling onstant, κ is the eetive
spring onstant. The operator c†i,σ (ci,σ) reates (annihilates) a pi-eletron at the
i-th arbon atom with spin σ. u
(j)
i is the displaement of the i-th atom along the
j-th one, whereas in the original SSH model Hamiltonian u
(j)
i is perpendiular to
arbon-hydrogen bond diretion for both trans-PA and is-PA. The term u
(j)
i −u
(i)
j ,
when onsidered for trans-PA or is-PA, denotes the projetion of the bond length
dierene along hain axis. But for nanographite, the same term denotes diretly
the bond length dierene. C, in the last term, is the Lagrange multiplier in the
self-onsistent method whih has been inserted in the original SSH Hamiltonian
due to the xed length onstraint when it was rstly used for trans-PA and is-PA
[12℄. Harigaya preserved the same onstraint for 2D systems [4, 5℄. This onstraint
binds the distortions in both the length and irumferene diretions of the tube
and, in a sense, relatively restrits the lattie relaxation.
In trans-PA and is-PA, all the bonds are of the same type. An armhair (and
also a zigzag) SWCNT an be thought of to be built by parallel trans-PA with inter-
hain oupling as seen in Fig. 1. Therefore in nanotubes there are two dierent types
of bonds, tilt and right bonds.
During the lattie relaxation, of ourse, the relative distanes between the arbon
atoms in hexagons and the angles in hexagons beome dierent. In the toy model,
whih we wish to built in the present work, as a rst approximation we are going
to neglet the hanges in the angles in hexagons and keep only the hanges in the
relative distanes. Furthermore, we would like to modify the SSH model Hamil-
tonian by taking the ontributions of the two dierent bond types and rewrite the
SSH model Hamiltonian as follows:
HSSH = −
∑
〈i,j〉t,σ
[
tt0 − α
t(u
(j)
i − u
(i)
j )
]
(c†i,σcj,σ + h.c.)(2)
−
∑
〈i,j〉r,σ
[
tr0 − α
r(u
(j)
i − u
(i)
j )
]
(c†i,σcj,σ + h.c.)
+
κt
2
∑
〈i,j〉t
[
(u
(j)
i − u
(i)
j − C
t)2 − (Ct)2
]
+
κr
2
∑
〈i,j〉r
[
(u
(j)
i − u
(i)
j − C
r)2 − (Cr)2
]
,
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where 〈i, j〉t and 〈i, j〉r denote tilt and right bonds, respetively. With this separa-
tion it seemed to us natural to use two dierent Lagrange multipliers, Ct and Cr.
To be able to insert these multipliers in the Hamiltonian we have to onsider two
onstraints: vanishing separately the sum of all tilt bond distortions and the sum of
all right bond distortions, i.e.
∑
vti,j = 0 and
∑
vri,j = 0, where vi,j ≡ α(u
(j)
i −u
(i)
j ).
This means that lattie relaxations may gain more freedom. The mean value of the
sum in the rst onstraint is obviously proportional to the length of tube and the
mean value of the sum in the seond onstraint is related to the irumferene of
tube. As a matter of fat, in the literature Ono and Hamano onsidered also two
onstraints during the study of Peierls distortions in a two-dimensional eletron-
lattie system desribed by SSH type model [13℄.
In this ase the total energy of the system reads as
(3) ET =
′∑
i,σ
εi,σ +
1
2γt
∑
i
[vti ]
2 +
1
2γr
∑
i
[vri ]
2 ,
where εi,σ are the eigenvalues of Eq. (2). The self-onsistent equation for the lattie
is
vt,ri = 2γ
t,r
[αt,rCt,r
γt,r
−
1
N t,rb
γt,r
αt,r
′∑
j,σ
B†i+1,j,σBi,j,σ
]
.(4)
where B's are the eigenvetors of Eq. (2) and γt,r = (αt,r)2/κt,r. The prime means
that the sum is over the lled states, the number of whih are equal to half of the
total number of arbon sites. N t,rb 's are the total number of tilt and right pi-bonds,
respetively. Eqs. (2)-(4) are solved numerially by iteration method [7, 8℄.
3. RESULTS AND DISCUSSIONS
We desribe the geometry of nanotubes with bonds. During the numerial eval-
uations we onsidered the diameter and lengths of (3,3) tubes as 0.5 nm and 0.73-
36.36 nm, respetively sine experimentally, 0.4 nm-sized arbon nanotubes have
been reported to exist [9-11℄ and also 0.33 nm-sized arbon nanotubes were also
grown from a larger SWCNT inside an eletron mirosope [14℄. For the purpose of
heking our numerial evaluations, we have alulated the diameters of (3,3) and
(5,0) nanotubes. Although we ould nd the given diameter for (5,0) nanotube we
ould not nd the given diameters 0.4 nm and 0.33 nm for (3,3) nanotube, instead
we found 0.5 nm, when both alulations had been done with the same parame-
ters derived from the experimental work [11℄. Moreover, we repeat our numerial
alulations for (10,10) nanotube whih has the diameter 1.4 nm, the ommonly
observed diameter of SWCNT by experiments, when the tube length varies between
0.73 nm and 16.0 nm.
The alulations on (3,3) armhair type nanotube is onsidered with N = 2n
and the PA hain length K varying between 6 (0.73 nm) and 300 (36.36 nm), that
is with maximum 1800 C-atoms. For the (3,3) armhair type open ended nanotube,
the number of right bonds is 900 and the number of tilt bonds is 1794 for K = 300.
In the periodi boundaries ase, the number of right bonds keeps itself while the
number of tilt bonds inreases 6 more.
The alulations on (10,10) armhair type nanotube is onsidered with N = 2n
and K varying between 6 (0.73 nm) and 132 (16.0 nm), that is with maximum 2640
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C-atoms. For the (10,10) armhair type open ended nanotube, the number of right
bonds is 1320 and the number of tilt bonds is 2620 for K = 132. In the periodi
boundaries ase, the number of right bonds keeps itself while the number of tilt
bonds inreases 20 more.
Firstly, we studied the eletroni band struture as (3,3) armhair nanotube
evolves from arbon sheet, in the ases the tube is open ended and possesses periodi
boundaries, in the framework of our toy model and in that of Harigaya's model
omparatively by taking t0 and α values the same for tilt and right bonds. We
realized this by multiplying eah one of the hopping integrals responsible for sheet,
open ended tube and tube with periodi boundaries by parameters denoted by
βS, βN and βT, respetively and by varying these parameters from zero to one;
that is by introduing gradually the interations haraterizing the aforementioned
strutures. In this way we an show ontinuously the evolution of eletroni band
struture as geometry transforms. In both models, we obtained idential eletroni
band gap strutures shown in Fig. 2. Hene, ontrary to (3,0) zigzag nanotube
[8℄, there is not any dierene between the eletroni band strutures of metalli
(3,3) armhair nanotube regarding both models. We an explain this fat in the
following way: The eletroni band struture in the sale of the total pi-eletron
energy bands seem similar, beause the bond alternation amplitude is one order of
magnitude smaller than that of PA (see Figs. 3. and 4) and the magnitude of u is
about 0.03 Å in trans-PA [3℄. The eletroni band struture of (10,10) nanotubes
gives no signiant hange in omparison with the eletroni band struture given
in Fig. 2 for (3,3). Thus we are not going to plot it separately.
Seondly, we onsider the stability problem of (3,3) and (10,10) armhair nan-
otubes in the framework of both models when nanotubes possess periodi bound-
aries.
Aording to the Harigaya's model, we numerially alulated the bond distor-
tions via the simplied form of Eq. (4). For (3,3) nanotube the results an be
expressed as follows (Fig. 3): The right bond distortions are twie of the tilt bond
distortions. The right bond distortions are always negative, that is these bonds
shrink while the tilt bond distortions are always positive, that is tilt bonds streth.
Besides, at the beginning the distortions inrease up to K = 12 and then tend to
derease. For K = 16 shrinking of right bonds suddenly turns to strething and,
at the same time, strething of tilt bonds suddenly turns to shrinking. For K = 22
there is no bond distortions for both types of bonds. Therefore, the rst thing to be
noted is that in order to be able to obtain reasonable results in agreement with the
literature one must onsider the tubes longer than 2.67 nm (K = 22)[6℄. After this
speial K value (for tubes longer than 2.67 nm), the tube length-osillations of tilt
bond distortions show deaying. The half period of osillations about some mean
tilt bond distortion values is 3. These mean values at rst deay and then remain
almost the same after K = 212. This means that, as the length of tube beomes
longer, the tilt bond strething values repeat a deaying inreasing-dereasing be-
havior about almost onstant bond distortions. Furthermore, the amplitude of
osillation deays, that is for longer tubes osillation of tilt bond distortions vanish
and after a ertain largeK value (approximately 400) the bond distortions approah
a denite nonzero value. Meanwhile, the right bond shrinkages behave similarly and
they also tend to nonzero values. These are unexpeted results beause it is known
that long enough tubes are stable.
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Figure 2. Eletroni band struture evolutions from arbon sheet
to SWCNT for (3,3) armhair type nanotube with K = 42 for
models inluding (a) one onstraint and (b) two onstraints. βS, βN
and βT represent the evolution parameters for arbon sheet, open
ended nanotube and nanotube with periodi boundaries. No band
gap appears as expeted. For (10,10) nanotube the same eletroni
band struture was obtained. Only, the marked regions appeared
darker. This is beause of the jump of the number of energy eigen-
values from 504 to 840 when (10,10) nanotube is onsidered instead
of (3,3) for the same K value, K = 42.
As for (10,10) nanotube, a repetition of the above evaluations now gives the result
summarized in Fig.4(a). There is not any systemati hange in the tilt and right
bond distortions as K inreases. Both of them deay immediately to zero. Hene
the tube is stable exept for very small K values. This is quite the expeted result
beause wide enough tubes might be stable for smaller K values that orrespond to
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Figure 3. The lled irles and the lled triangles represent the
tilt and right bond distortions, respetively when Harigaya's model
is used. K is the number of sites in trans-PA hains. In the inset
the forms of hexagons forK = 50, 52 and 54 are depited. Sine the
right bonds always shrink (the amount of shrinkage is maximum
for K = 54 and minimum for K = 52) and the tilt bonds always
streth (the amount of strething is minimum for K = 52 and
maximum for K = 54), the diameter of the tube dereases while
it's length inreases.
shorter tubes. Therefore the shorter tubes would be neessary in order to observe
bond alternations otherwise the longer tubes will show relatively small alternations.
Figure 4. (a) The lled irles and the lled triangles denote the
tilt and right bond distortions, respetively when Harigaya's model
is used, for (10,10) nanotube. (b) The bond alternations in the ase
the toy model is used.
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Aording to our toy model, we onsider Eq. (4) for the bond distortions by
taking again t0 and α values the same for tilt and right bonds. For both (3,3) and
(10,10) nanotubes, all the right bond distortions vanish while tilt bond distortions
appear as bond alternations when K is divisible by 3. For both (3,3) and (10,10)
tubes, the tilt bond distortions vanish also when K is not divisible by 3. Of ourse,
vanishing of tilt bond distortions for K values not divisible by 3 is a handiap for
the toy model.
The bond distortions for (3,3) armhair type SWCNT with periodi boundaries
are illustrated in Fig. 4. As seen from this gure, equal amount of strething and
shrinkage of alternate bonds our. The tilt bond alternations start with ±0.0306
Å for K = 6 and drastially fall to ±0.0066 Å at K = 36. In other words, the
lattie struture relaxation starts at K = 36. It is lear that tilt bond alternation
values derease exponentially for small K values while they derease monotonially
for large K values. Although we did the alulations up to K = 400, we terminated
the graphi at K = 300 sine we observed the ontinuation of monotoni dereasing
of tilt bond alternations. At this point, we believe that the explanation of the
aforementioned dierene in the bond distortions for various K values (multiple of
3 or not) is vital.
Figure 5. The lled irles and the lled triangles denote the tilt
and right bond alternations, respetively when our toy model is
used, for K divisible by 3. In the inset the forms of hexagons for
K = 50, 52 and 54 are depited. Neither the diameter nor the
length of tube hanges.
The bond distortions for (10,10) armhair type SWCNT with periodi boundaries
are illustrated in Fig. 4(b). We have the same bond distortion behavior, bond
alternations.
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To see the strength of dimerization, we plot in Fig.6 the 1/K variation of tilt
and right bonds and also the average of the absolute values of bond alternations
for both (3,3) and (10,10) nanotubes when K is divisible by 3. 〈|vi|〉 dereases
linearly for both tubes. The extrapolated value at K → ∞ is 0.0005 nm [5,15℄ for
(3,3) nanotube (Fig.6()). For (10,10) nanotube, 〈|vi|〉 reahes to zero for K ≈ 10
4
(Fig.6(d)). Moreover, from the 1/K variation of the tilt and right bonds one sees
the length dierenes between the long and short bonds to be 0.002 nm and 0 nm,
respetively for the (3,3) and (10,10) nanotubes (Fig.6 (a) and (b)).
To bring to a onlusion, although for (3,3) armhair type SWCNTs with periodi
boundaries the two models give dierent stability properties, (10,10) SWCNTs are
stable aording to both models. But still there is a dierene. The toy model
puts forth bond alternations. When the size of the bond alternations of (3,3) and
(10,10) SWCNTs are ompared, a derease is observed. For instane, for K = 6
the tilt bond alternations is ±0.0306 Å for (3,3) and ±0.0009 Å for (10,10) and
for K = 132 the tilt bond alternations is ±0.0024 Å for (3,3) and ±0.0005 Å for
(10,10). Hene, the bond alternations diminishes at 66% for K = 132. Therefore,
the tube diameter strongly aets the bond alternation amplitudes.
Figure 6. The 1/K variation of bond variables. 〈|vi|〉's for the
(3,3) and (10,10) nanotubes are shown in (a) and (), respetively-
whereas. (b) and (d) show the vr,ti .
4. CONCLUSION
In the progress of taking the oeients of the ontributions of the tilt and right
bond distortions to the SSH model Hamiltonian dierently and following Stafstrom
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et el.'s work on the inlusion of Lagrange multiplier in the Hamiltonian [12℄, we have
to use two onstraints, one for the vanishing of the sum of right bond distortions
and the other for the vanishing of the sum of tilt bond distortions. Here, a toy
model obtained in this way is applied to alulate the energy band gap and bond
variations with the number of rows,K, of (3,3) and (10,10) armhair type nanotubes
of diameters 0.5 nm and 1.4 nm, respetively. There is not any hange in the energy
band gap struture in the large energy sale. However ontrary to this, bond length
alternations, whih were absent in the one onstraint Harigaya's model, have been
observed when K is divisible by 3. These alternations tend to vanish as the K
values inrease, that is for long enough tubes. Unfortunately, the vanishing of bond
length distortions when K is not divisible by 3 would be an artifat of the model.
The non vanishing of the bond distortions even for long enough tubes aording
to the Harigaya's model seems to be in ontradition with experimental results for
(3,3) nanotubes. For (10,10) nanotubes both models work free of problems.
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